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Tiivistelmä 
Linja-autojen matkustajakapasiteetti on rajallinen, mikä aiheuttaa ongelmia, sillä sen tu-
lisi olla suurempi. Kapasiteetti on jo nostettu suurimmalle mahdolliselle tasolle, mitä ny-
kyinen infrastruktuuri mahdollistaa. Linja-autolinjan kapasiteettia voisi nostaa ajamalla 
linja-autoja tiheämmin. Tämä kuitenkin johtaa suurempiin kustannuksiin. Kustannuksia 
voisi vähentää ajamalla linja-autoja kahden ajoneuvon jonoina, joissa ensimmäistä ajo-
neuvoa ohjaisi ammattilaiskuljettaja ja toinen olisi autonomisesti ohjattu. Autonominen 
ajaminen vaatii ajoneuvon nopeuden ja ohjauskulman säätöä. Seuraajalinja-auton pitää 
pystyä seuraamaan johtajalinja-auton ajamaa ajouraa tarkasti ja välttää törmäämistä joh-
tajaan. Linja-autojen välinen etäisyys on kuitenkin oltava riittävän pieni, jotta se viestisi 
muulle liikenteelle, että ajoneuvot ajavat jonona. 
Kirjallisuus jakaa ohjauskulman säädön yleensä ajouran seuraamiseen ja suoraan seuraa-
miseen. Ajouran seuraaminen koostuu johtaja-ajoneuvon ajouran saamisesta ja tämän 
uran seuraamisesta. Ajouran seuraamisen metodit ovat yleensä tarkkoja poikittaisen vir-
heen suhteen, mutta ovat monimutkaisia ja vaativat paljon laskennallista kapasiteettia. 
Suoran seuraamisen metodit ovat laskennallisesti kevyitä, mutta eivät takaa tarkkaa 
ajouran seuraamista. 
Kahdesta identtisestä linja-autosta koostuva simulaatiomalli kehitettiin. Yksi nopeussää-
din ja neljä ohjauskulman säätölakia esitettiin. Nopeussäädin suunniteltiin toimimaan 
myös tiukoissa käännöksissä, mitä ei ole yleensä tutkittu. Ohjauskulman säätölait perus-
tuivat geometriseen päättelyyn ja ne tarvitsivat vain johtajalinja-auton suhteellisen asen-
totiedon. Säätölait eivät vaatineet ajoneuvojen välistä kommunikaatiota. 
Nopeussäädin toimi järjestelmän alustamisessa ajoneuvojen välisen etäisyyden ollessa 2-
10 m. Se toimi hyvin kiihdytys- ja jarrutustesteissä, kun molemmat linja-autot olivat las-
tattu identtisellä kuormalla, mutta epäonnistui estämään törmäämisen, kun seuraaja-
linja-auto oli lastattu suuremmalla kuormalla kuin johtaja. 
Ohjauskulman säädön testeissä Pure Pursuit ja Modified Pure Pursuit pystyivät seuraa-
maan johtajaa seuraavilla poikittaissuuntaisilla virheillä: 0,8 m ja 1,1 m (steady-state-tes-
tit), 0,8 m ja 0,7 m (u-käännös) ja 0,3 m/0,4 m ja 0,4 m/0,5 m (kaksoiskaistanvaihto, 5 
m/s/10 m/s vastaavasti). Spline Pursuit käyttäytyi värähtelevästi eikä seurannut johtajaa 
hyvin. Circular Pursuit käyttäytyi värähtelevästi eikä seurannut johtajaa hyvin, mutta kui-
tenkin paremmin kuin Spline Pursuit. 
Jää nähtäväksi pystyykö Pure Pursuit tai Modified Pure Pursuit haastamaan monimut-
kaisempia ajouran seuraamisen metodeja. 
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Abstract 
Buses face problems when the capacity of a bus is limited but it should be larger to be able 
to carry more passengers. The capacity of a bus is already increased to its maximum that 
is allowed by the infrastructure. The capacity of a bus line could be increased by driving 
buses more frequently but it would increase costs, that is unwanted. Costs could be re-
duced by driving buses as platoons consisting of two buses where only the first bus would 
be operated by a professional driver and the second would be driven autonomously. Au-
tonomous driving requires longitudinal and lateral control of a vehicle. The follower bus 
should be able to follow the path driven by the leader bus precisely and avoid inter-vehic-
ular collisions while still driving as close together as possible to indicate other traffic that 
they move as a platoon. 
Lateral control is usually divided into path following and direct following methods in the 
literature. Path following methods include obtaining the path of the leader vehicle and 
following of that path. Path following methods are usually accurate in terms of lateral 
error but are complex and require a lot of computational capacity. Direct following meth-
ods are easy to compute but they do not guarantee precise path following. 
A simulation model consisting of two identical buses was developed. One longitudinal 
controller and four lateral control laws were proposed. Longitudinal controller was de-
signed to work also in tight turns which is not usually investigated. Lateral control laws 
proposed were geometrical in nature and required only input as the relative position of 
the leader bus. Therefore, they did not require inter-vehicular communication. 
Longitudinal controller worked well for initialization of the system with inter-vehicular 
distances from 2 to 10 m. It worked well in acceleration and deceleration tests when both 
buses were loaded similarly but failed to prevent collisions when follower bus was loaded 
more heavily than the leader. 
In lateral controller tests, Pure Pursuit and Modified Pure Pursuit methods were able to 
follow the leader producing following lateral errors: 0,8 m and 1,1 m (steady-state tests), 
0,8 m and 0,7 m (u-turn maneuver) and 0,3 m/0,4 m and 0,4 m/0,5 m (double lane 
change maneuver, 5 m/s/10 m/s respectively). Spline Pursuit method showed oscillatory 
behavior and did not follow the leader well. Circular Pursuit method showed also oscilla-
tory behavior and did not follow the leader well. However, it showed better performance 
than the Spline Pursuit. 
It remains to be studied whether Pure Pursuit or Modified Pure Pursuit can challenge 
more sophisticated path following methods. 
 






The idea to study the control of a bus platoon originally came from Sami Ruotsalainen 
from LinkkerBus. My supervisor Kari Tammi proposed the topic which seemed interest-
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scope of the study was to gather more insight into the control of a bus platoon. I am 
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K  gain parameter 
L [m] length of the bus 
Lfo [m] length of the front overhang of the bus 
Lro [m] length of the rear overhang of the bus 
Lw [m] width of the bus 
Lwb [m] length of the wheelbase of the bus 
M  gain parameter 
R [m] radius of a circle 
Rf [m] turning radius of front 
Rfa [m] turning radius of front axle 
Rr [m] turning radius of rear 
Rra [m] turning radius of rear axle 
ac [m/s
2] centripetal acceleration 
d [m] distance 
d0 [m] minimum target distance 
dlad [m] look ahead distance 
dr [m] distance to right rear corner 
dtarget [m] target distance 
h [s] time headway 
v [m/s] velocity 
vleader [m/s] velocity of the leader bus 
xlfa [m] relative x-coordinate of leader’s front axle 
xlra [m] relative x-coordinate of leader’s rear axle 
ylfa [m] relative y-coordinate of leader’s front axle 
ylra [m] relative y-coordinate of leader’s rear axle 
α [°] angle 
αa [°] aiming angle 
αr [°] reflector angle 
αt [°] angle between the virtual follower’s heading and the look 
ahead distance 
β [°] angle 
γ [°] relative heading of the leader bus 
δ [°] steering angle 
δleader [°] steering angle of the leader bus 
δtarget [°] target steering angle 
κ [1/m] curvature 






ACC  Adaptive cruise control 
CC  Cruise control 
CTH  Constant time headway 
DLC  Double lane change 
FOPID  Fractional order proportional integral derivative 
HRT  Helsinki Regional Traffic 
ICE  Internal combustion engine 
PID  Proportional integral derivative 
SARTRE  Safe Road Trains for the Environment 
VTH  Variable time headway 







Public transportation is widely used in urban areas. Bus is the most versatile and agile 
public means of transportation. It is also easy to apply new bus routes into traffic which 
makes buses as the main means of transportation a very attractive idea. 
 
Electric buses are a new direction in bus driveline systems. Traditional buses use internal 
combustion engine (ICE) to provide power but the amount of electric buses is rising. They 
are not very widely used but increasing environmental demands make them a viable op-
tion in the future. According to Helsinki Regional Traffic (HRT) the amount of electric 
buses used in metropolitan area traffic will increase dramatically in near future (HSL, 
2014). HRT aims to replace all connection line buses with electrical buses by year 2025. 
Buses face problems arising during rush hours when more passengers are trying to fit into 
a bus than it can carry. This leads to the situation when a bus driver is forced to leave 
excessive passengers to the bus stop which reduces customer satisfaction. 
 
A solution to this situation is to increase the capacity of buses. However, buses cannot 
grow into any direction, at least for current infrastructure. An increase in the height of the 
bus would require higher underpasses under bridges. An increase in the width of the bus 
would require wider roads. And an increase in the length of the bus would require changes 
into the infrastructure so that it could handle longer vehicles. 
 
A possible solution to the problem is to drive buses more frequently. However, this would 
eventually lead to buses driving as a platoon because distance between adjacent buses 
would be so small. Increasing the frequency of buses increases costs which is not wanted. 
This rises the following question: is it possible to join two buses together so that it would 
require only one driver to operate the whole vehicle combination? 
 
1.2 Scope 
This paper concentrates on to the control of electric buses. Even though ICE powered 
buses are excluded results can probably be applied to those too. Forward motion of the 
vehicles is only studied, which means that if backward control is needed, other methods 
should be developed for that purpose. 
 
Bus driving conditions are supposed to be optimal in the study i.e. there is zero sliding 
between the tires and the road surface. Weather conditions are supposed to be good, which 
means that all available sensing devices are suitable. 
 
1.3 Objectives 
The study aims to find an accurate control method to control follower bus laterally and 
longitudinally. The follower bus must imitate leader’s trajectory as precisely as possible. 
Follower must also maintain appropriate distance to the leader to ensure that there is 
enough space in case of emergency braking. However, longitudinal distance must also be 
small enough to indicate that buses move as a platoon and prevent other vehicles and 
humans to move between the buses. 
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This means that studied control system must have less than 10 cm maximum lateral dis-
placement error relative to the leader vehicle trajectory. Longitudinal controller must be 
able to prevent buses from colliding in an emergency braking situation. 
 
Follower bus must be able to operate without information coming from the leader bus. 
This means that all available information should come from follower bus’s own sensors 
only. If the connection would be lost between the leader and the follower it would result 
into malfunction of the follower’s control. Therefore, it is necessary for a reliable control 
strategy that the follower bus must be autonomous in that sense. 
 
1.4 Methods 
Experiments will be done on a simulation model. Simulation modelling offers many ad-
vantages over real-world testing. Parameter setting and running through a scenario is 
faster with a simulation model. Using it is cost and time efficient and it has a smaller 
environmental impact. 
 
However, building a simulation model can be time-consuming. Simulation model is al-
ways an approximation so it does not represent real world perfectly. Therefore, results of 







Platoon is a line consisting of multiple vehicles which are joined together. First vehicle, 
which is called the leader vehicle, is usually driven by a human driver and follower vehi-
cles move autonomously and follow leader vehicle. 
 
Bergenhem et al. (2010) presented the Safe Road Trains for the Environment (SARTRE) 
concept of platoons and associated challenges with it. The SARTRE definition of pla-
tooning implies that the platoon is operated by a lead vehicle driven by a professional 
driver. Following vehicles are driving autonomously, but a passive driver is located in 
them to take full control of the vehicle when required. Autonomous driving here means 
both lateral and longitudinal autonomous control. Platoon should be able to operate with-
out any changes to the infrastructure and when there are non-platoon vehicles operating 
nearby. 
 
SARTRE project aimed to address cornerstones of transportation issues which are envi-
ronmental, safety, congestion and driver comfort aspects (Dávila & Nombela, 2010). 
 
The whole point of platooning is that vehicles are able to operate autonomously. Litman 
(2014) listed numerous advantages and disadvantages of using autonomous vehicles. 
Benefits include reduced driver stress and costs, mobility for non-drivers, increased safety 
and road capacity, more efficient parking, increased fuel efficiency and reduced pollution 
and using autonomous vehicles supports shared vehicles. Problems and costs include in-
creased equipment costs, possible additional risks, security and privacy concerns, social 
equity concerns, increased travelling using vehicles and reduced employment of profes-
sional drivers. 
 
Chan et al. (2012) presented an overview of a control system developed for a five-vehicle 
platoon consisting of various types of vehicles. Lead vehicle was driven manually and 
follower vehicles were autonomous. Control system relied on on-board sensor data and 
vehicle-to-vehicle communication. On-board sensors included radars, lidars and cameras 
to measure the position of the preceding vehicle. Lateral controller used sensors and ve-
hicle-to-vehicle (V2V) data to determine its target trajectory and controlled steering to 
follow that trajectory. 
 
Rajamani et al. (2000) implemented an integrated longitudinal and lateral control system 
for the operation of automated vehicles in platoons. Longitudinal controller used V2V 
communication to control the distance to the preceding vehicle. Lateral controller used 
magnets embedded in the center of the lane to calculate vehicle’s position on the road to 
control steering. Lateral control included lane-keeping and lane-change maneuvers. Con-
trol system was robust enough to operate 6-8 hours a day for three weeks giving demon-
stration rides to visitors on a closed highway segment. 
 
Oshima (2016) investigated the impact of Automated Driving Systems on CO2-emissions 
by changing the traffic flow. When vehicles move as a platoon, follower vehicles achieve 
lower air resistance if they drive close enough to each other which leads to lower fuel 
consumption and CO2-emissions. Truck driving with 4 m spacings can lead up to 4,8 % 
reduction in CO2-emissions. 
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Chan (2014) measured the fuel consumption of vehicles moving in a platoon with varying 
inter-vehicle distances. He found out that the lead vehicle makes up to 8 % and following 
vehicles make up to 16 % fuel savings when vehicles drive close together. The studied 
platoon consisted of a lead truck, following truck and three following cars and inter-ve-
hicle distances varied from 4 to 25 m. 
 
2.2 Connecting the buses and sensing 
Shieh et al. (2015) explored the effectiveness of infrared communication for data transfer 
using various receiver tilt angles to obtain the direction of infrared signals. Authors state 
that infrared communication is a good choice for vehicle-to-vehicle communication in 
several intelligent transportation system applications. 
 
Subramanian et al. (2006) developed autonomous vehicle guidance systems for tractor 
navigating in citrus grove. They found that laser radar based system performed best at 
low and moderate speeds. Communication speed between the sensor and computer was 
limiting factor for high speeds. Machine vision based system showed acceptable perfor-
mance in all speeds. Maximum lateral error was not more than 6 cm in any experiment. 
 
Vehicle state can be sensed for instance through yaw rate sensor, accelerometer, wheel 
speed sensor and steering angle sensor. Surroundings of the vehicle can be sensed for 
instance through short/long-range radar sensor, laser scanner (lidar), vision system and 
ultrasonic sensor. Short-range radar sensors can measure distance, velocity and angle of 
detection. Lidars have larger field of view than radar sensors but have comparatively slow 
scanning repetition rate. Vision systems can quite accurately measure angles, but lack 
distance measurement accuracy when compared to radars and lidars. Ultrasonic sensors 
can be only used for very short distances to measure distance. (Eskandarian, 2012) 
 
Göhring et al. (2011) presented a real-time algorithm enabling autonomous car to follow 
other cars. Algorithm combines the advantages of radar and lidar with a sensor fusion 
approach to provide precise data. Radar sensors provide reliable information on straight 
lines, but fail in curves due to restricted field of view. Lidar sensors cover large regions 
but do not provide precise speed information. 
 
2.3 Control strategies 
When designing steering controller, it is important to understand the dynamics of the 
system being controlled and to account for the forces acting on front wheels (Yih, 2004). 
Feedforward control is used to cancel out the system dynamics as well as the disturbances 
coming from tire self-aligning moment. Feedback control is used to minimize the steering 
angle error coming from model uncertainties and real nonlinearities. Yih (2004) studied 
steering-by-wire, which means replacing the mechanical linkage between the wheels and 
steering wheel by electric motor, and its implications for handling and safety. Steer-by-
wire application could be easily tuned to control a vehicle autonomously. 
 
Cascade control paradigm is particularly useful in control systems when there are signif-
icant time delays between the target value and the actual value (Åström et al., 1995). 
Cascade control means having two or more control loops to control one variable: outer 
loop, also called primary loop, for controlling the whole process and inner loop, also 
called secondary loop, for controlling small part of the process. Advantage with using an 
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inner loop is that it can react much faster to changes in control signal than outer loop, 
which translates to tighter control of the whole process. However, the acting time in the 
inner loop should be at least 5 times faster than in the outer loop. 
 
Naranjo et al. (2005) designed a power-steering control architecture for automatic driving 
using fuzzy control and PID control theories. Control system was cascaded so that fuzzy 
controller governed the whole steering process by acquiring input data from the sensors 
(GPS) and generating target steering position. This target steering position was then trans-
ferred to the PID controller which was commanding the steering actuator. The purpose of 
the PID controller was to make sure that the steering position follows the target steering 
position. The fuzzy controller received input data at a 10 Hz sampling rate and PID con-
troller performed control at 100 Hz rate which shows that the fuzzy controller itself is not 
enough to control the vehicle effectively. 
 
Milanés et al. (2009) designed an electric power controller for steering wheel manage-
ment for electric car. Steering controller was cascaded: outer loop consisted of a fuzzy 
logic controller and inner loop consisted of a PID controller. PID controller was success-
ful in following the fuzzy controller with a small time delay. Authors also measured ex-
perimentally that it takes 8 seconds to turn a steering wheel from its leftmost to rightmost 
position which information was used in building the PID controller. 
 
Al-Mayyahi et al. (2015) studied the performance of a Fractional Order PID (FOPID) for 
controlling autonomous differential drive vehicle to track a reference path. They used a 
Particle Swarm Optimization (PSO) algorithm to optimize the FOPID controller’s param-
eters. Fractional order system improves from conventional PID by increasing the speed 
of response and decreasing the steady-state error and relative stability. Equation 1 pre-
sents the FOPID controller’s action where u is the control signal, e is the error signal, Kp, 
Ki and Kd are proportional, integral and derivative gains respectively, D is the fractional 
differentiation operator, λ is the order of integrator and μ is the order of differentiator. 
 
𝑢(𝑡) = 𝐾𝑝 ∗ 𝑒(𝑡) + 𝐾𝑖 ∗ 𝐷
−𝜆 ∗ 𝑒(𝑡) + 𝐾𝑑 ∗ 𝐷
𝜇 ∗ 𝑒(𝑡)   (1) 
 
FOPID controller extends from the four control points of the classical PID to a range of 
control points of the quarter-plane which can be seen in Figure 1. 
 
 
Figure 1. Graphical illustration of the Fractional Order PID controller. (Al-Mayyahi et al., 2015) 
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2.4 Lateral control 
Lateral control refers to the steering of the vehicle and keeping it on leader vehicle’s 
trajectory. Jansen (2016) distinguishes vehicle following into two main categories: direct 
vehicle following and vehicle path-following. Direct vehicle-following means that fol-
lowing vehicle steers itself according to its current relative position to the preceding ve-
hicle. This method usually makes follower to cut corners. Vehicle path-following uses 
the path driven by the preceding vehicle as a reference for the follower’s lateral controller.  
 
Vehicle path-following has few advantages over direct vehicle-following. Vehicle’s ac-
tual goal is to follow the path where as it is not guaranteed with direct vehicle-following. 
Also, it is easier to construct a feedforward control to improve tracking for vehicle path-
following. On the other hand, vehicle path-following approach is a more complex 
method. 
 
2.4.1 Path following 
Vehicle path following is applied in two stages: first, the preceding vehicle’s path is ob-
tained and second, the controller drives the vehicle to follow the path (Jansen, 2016). 
Vehicle path following has been studied extensively in the literature. 
 
Elbanhawi et al. (2015) proposed a practical approach for generating motion paths with 
continuous curvature for car-like vehicles. They addressed two key issues in robot motion 
planning: path continuity and maximum curvature constraint for non-holonomic robots. 
Proposed approach uses B-spline curves to generate motion path. Path continuity is 
achieved by utilizing a single path to present the trajectory. Maximum curvature is satis-
fied locally using smoothing algorithm if necessary. 
 
Snider (2009) divided path tracking into three categories: geometric, kinematic and dy-
namic path tracking methods. He compared the performance of different path tracking 
methods using CarSim-software. Geometric path tracking was divided into Pure Pursuit 
and Stanley Method. Pure Pursuit consists of calculating the curvature of a circular arc 
that connects rear axle position to a target location on the path ahead of the vehicle. Equa-
tion 2 shows the Pure Pursuit control law where Lwb is the length of the wheelbase, α is 
the angle between heading of the vehicle and the look ahead distance vector and dlad is 
the look ahead distance. 
 
𝛿(𝑡) = tan−1 (
2∗𝐿𝑤𝑏∗sin(𝛼(𝑡))
𝑑𝑙𝑎𝑑
)    (2) 
 
With Pure Pursuit increasing the look ahead distance results in lower precision tracking 
and eventually stability whereas decreasing it results in higher precision tracking and 
eventually oscillation. The control law can be tuned by replacing the look ahead distance 
by the longitudinal velocity of the vehicle v and a gain parameter k. Tuned Pure Pursuit 
control law can be seen in equation 3. Usually the look ahead distance is saturated at 
chosen minimum and maximum values. 
 
𝛿(𝑡) = tan−1 (
2∗𝐿𝑤𝑏∗sin(𝛼(𝑡))
𝑘∗𝑣(𝑡)
)    (3) 
 
Stanley Method consists of calculating the cross-track error to the desired path measured 
from the front axle to the nearest path point and heading error. Stanley Method control 
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law can be seen in equation 4 where θe is the heading error of the vehicle, k is a gain 
parameter, efa is cross-track error and vf is the longitudinal velocity of the front wheels. 
 




)    (4) 
 
Stanley Method works better for higher speed driving than Pure Pursuit but has some 
problems with a discontinuity of a path. Kinematic model path tracking controller showed 
good results when driving with low velocities. Two dynamic path tracking methods were 
investigated: optimal controller with feedforward and optimal preview controller. The 
former showed good tracking performance in smooth high-speed driving and urban driv-
ing with lower speeds. The latter performed well in highway driving with relatively con-
stant velocity. 
 
Hoffman et al. (2007) presented a nonlinear control law to track a trajectory. The pro-
posed control law was able to track a predefined trajectory in varying off-road settings 
with a typical rms cross-track error under 0,1 m. Equation 5 shows the studied control 
law where two first terms are basically the same as in the Stanley Method control law 
with the exceptions of added ksoft gain parameter to tune the response of the control with 
slow speeds and Ψss which is the controller yaw setpoint. Third term tries to actively damp 
the yaw rate of the vehicle where kd,yaw is a gain parameter, rmeas is the measured yaw rate 
and rtraj is the yaw rate for the trajectory. The last term in the control law was added to 
account for time delay and overshoot when commanding a steering servo where kd,steer is 
parameter gain and δmeas(i) and δmeas(i+1) are discrete time measurement of the steering 
angles where i stands for measurement one control period earlier. The output steering 
command was saturated at ±δmax. 
 




) + 𝑘𝑑,𝑦𝑎𝑤 ∗ (𝑟𝑚𝑒𝑎𝑠(𝑡) − 𝑟𝑡𝑟𝑎𝑗(𝑡)) +
𝑘𝑑,𝑠𝑡𝑒𝑒𝑟 ∗ (𝛿𝑚𝑒𝑎𝑠(𝑖) − 𝛿𝑚𝑒𝑎𝑠(𝑖 + 1))    (5) 
 
Ψss can be seen in equation 6 where m is the vehicle mass, Cy is the tire stiffness of the 









     (6) 
 
The proposed control law demonstrated its success by completing the DARPA Grand 
Challenge 2005 in fastest time on desert and mountainous terrain. 
 
Schnelle et al. (2017) developed a directional control driver model with desired path 
tracking. Model included a compensatory transfer function, an anticipatory feedforward 
transfer function and a method to determine the driver’s desired path. The proposed driver 
model parameters were obtained from human subjects performing test tracks in driving 
simulator. Control law for steering can be seen in equation 7. 
 
 𝛿(𝑡) = (𝑌𝑑 − 𝑌𝐿)(𝑡)
𝐺ℎ
1+𝑇ℎ∗𝑠




First term expresses the driver model which consists of Yd – YL, which is the error be-
tween the desired path and the vehicle at look ahead distance, ld, ahead, Gh, which is the 
driver’s steering proportional gain and Th, which is driver’s lag time constant. Last term 
reflects human driver’s ability to plan path ahead and it consists of Kff, which is the 
driver’s feedforward gain, and ψ̇d, which is the desired yaw rate at look ahead distance 
ahead. Driver’s preview time Tp was also a parameter that was included in the model, 
because it affected ld = Tp * constant velocity. The proposed combined driver model was 
able to effectively predict individual driver’s steering wheel angles after model parame-
ters had been identified for each driver individually. Model could capture the differences 
between drivers for each maneuver which was seen in different parameter combinations. 
 
Zakaria et al. (2013) proposed a stable trajectory tracking control which uses future pre-
diction control. Control system supposed that there is a predefined trajectory path, which 
was defined in global coordinate system. Path consisted of x- and y-coordinates and ve-
hicle heading direction. Study used steering angle limits which was -45° ≤ δ ≤ 45°. They 
also calculated the comfort level using various controller parameter values using ISO 
2631-1 standard as a reference. A spike detection algorithm was implemented to reduce 
high changes in steering angle and handle noisy data. The algorithm acted when the mag-
nitude of derivative of steering angle reached certain value. It was able to reduce errors 
caused by spikes in trajectory path. 
 
Attia et al. (2014) combined longitudinal and lateral control in their study. Lateral con-
troller was based on nonlinear model predictive control which tries to predict the future 
states of a dynamic system on a fixed finite time horizon. Lateral position and heading 
angle errors were admissible in the simulations. 
 
Tan & Huang (2014) explored how bus drivers steer to perform different maneuvers and 
developed an automatic steering controller based on those findings. They found that, con-
trary to some conventional driver models, drivers do not plan a trajectory to be followed 
but instead they use a target and control scheme. That is, drivers identify the angle error 
between the vehicle’s heading and where they would like the vehicle to go and adjust 
steering accordingly. Authors identified a relationship between the steering rate δ̇ and the 
target angle error θe and formed a generic simple control law which can be seen in equa-
tion 8. 
 
?̇?(𝑡) = 𝑘 ∗ 𝜃𝑒(𝑡)     (8) 
 
where k = ki for εi ≤ │θe│ < εi+1 where typically ε0 = 0 and i = 0…2 or 3. Gain k was 
approximately proportional to speed over look ahead distance (v/d) and it increased when 
target angle error increased or vehicle got close to obstacle. Proportional factor of k was 
approximately constant which varied from driver to driver. They derived a control law 
for lane-keeping control which can be seen in equations 9 and 10 where d is look ahead 
distance, ρroad is road curvature, yr is vehicle lateral deviation from the center of the lane, 
v is velocity, ωv is yaw rate and θr is vehicle heading angle. 
 

























Authors state that the first control law is usable for an autonomous vehicle that does not 
need to plan any trajectory to follow. The second and third control laws are usable for 
trajectory tracking. 
 
Park et al. (2015) developed a steering controller for autonomous vehicle for path tracking 
problem. Steering controller was based on Pure Pursuit method and was improved by 
proportional integral controller that tried to reduce the lateral error. Developed control 
law is seen in equation 11 where first term is the Pure Pursuit part, ey is the lateral error, 
P is the proportional gain and Q is the integral gain which is a function of the road curva-
ture κ. 
 
𝛿(𝑡) = tan−1 (
2∗𝐿𝑤𝑏∗sin(𝛼(𝑡))
𝑑𝑙𝑎𝑑
) + (𝑃 ∗ 𝑒𝑦(𝑡) + 𝑄(𝜅(𝑡)) ∗ ∫ 𝑒𝑦 𝑑𝑡)  (11) 
 
Maximum lateral error in lane following maneuver was 0,3 m even with high velocities. 
However, control system encountered problems during double lane change maneuvers. 
 
Hellström & Ringdahl (2006) proposed a path tracking algorithm for autonomous vehi-
cles that uses recorded steering commands to overcome cutting corners phenomenon. 
Controller used recorded steering commands and heading values and compared those to 
actual position and heading information achieved by GPS to steer the vehicle accordingly. 
 
Yin et al. (2015) integrated motion planning and model predictive control (MPC) system 
for autonomous electric vehicle. The control system operated each wheel independently 
by applying torque and controlled steering to follow the planned trajectory. MPC has the 
property of considering constraints in computation of the optimal solution, which made 
it preferred over other control methods. The performance of the control system was vali-
dated in CarSim. Proposed planner algorithm and controller achieved requirements of 
autonomous driving in normal scenarios. 
 
Lam & Katupitiya (2013) designed a control system for a platoon of autonomous buses. 
Proposed control system consisted of a lateral controller, speed planner and longitudinal 
controller. Lateral controller was designed to drive the error angle between vehicle’s and 
path’s predicted future point and heading down to zero, which can be seen in Figure 2 as 
angle θ, by using PD controller. They mentioned that increasing the vehicle projection 
length increases the radius of the actual path and decreasing the path projection length 





Figure 2. Geometrical illustration of the lateral controller designed by Lam & Katupitiya. (2013) 
 
The lateral controller performed well except around gradient discontinuities in the refer-
ence path. 
 
Petrov (2009) designed a nonlinear adaptive controller for controlling following vehicle. 
Controller used inputs from the leader as what could be sensed by the follower i.e. there 
was no inter-vehicle communication. Controller was designed for constant leader linear 
and angular velocities and it performed well in simulations. 
 
Kim et al. (2013) proposed a sensor-based motion planning method of robotic vehicle 
control for path tracking. Method was based on geometric relationships using the Pure 
Pursuit method. It was effective in reaching static predefined waypoints and avoiding 
obstacles using limited field of view sensors. However, the proposed method required a 
set of waypoints defined at a higher level. 
 
Smooth path and speed planning for an automated public transport vehicle was presented 
in study made by Villagra et al. (2012). Efficiency and comfort are key issues in public 
transportation. The proposed method considered bounds on lateral and longitudinal ac-
celerations and longitudinal jerk to ensure good comfort level. Method showed better 
combinations of trip time and comfort than human drivers on two test tracks. Comfort 
was quantified by computing the whole acceleration affecting passengers. 
 
Matko et al. (2008) proposed a control algorithm for vehicle platoon where controlled 
vehicle used only on-board sensors. Control algorithm estimated the path of the leading 
vehicle in a parametric polynomial form after which follower tried to follow that path. 
Both feedback and feedforward control were used to track the reference path. Control 





Wirtanen (2017) studied the performance of three different algorithms to control the 
movements of a bus following another bus: aiming (AIM), line of sight (LOS) and Poly-
nomial algorithms. AIM and LOS algorithms are presented in the next chapter because 
they are based on direct following method. 
 
Polynomial algorithm showed good tracking results during slow maneuvering. It operated 
on a relatively small number of inputs: aiming angle, reflector angle and distance between 
buses. Algorithm was based on path following i.e. it recorded leader vehicle’s position 
into trajectory matrix, fitted a polynomial into the data and tried to follow that trajectory. 
Author recognizes that even though algorithm performed very well in simulations, it 
might have some problems with self-location and noise handling. Algorithm also started 
to oscillate when the simulation time was extended, probably because of accumulated 
error during the simulation. Equation 12 shows the Polynomial algorithm steering law 
where αslope is the vehicle heading error, e is the lateral error, vf is the velocity of the front 
wheels and Kp, Ki and Kd are proportional, integral and derivative gains, respectively. 
Polynomial algorithm control law resembles Stanley Method control law except that here 
the lateral error is modified by PID control. 
 















      (12) 
 
AIM and LOS algorithms were based on target following method, which resulted them 
to suffer from phase challenges. Polynomial algorithm performed the best but had funda-
mental problems with error accumulation. 
 
Soltesz (2008) and his team built a trajectory tracking software and implemented it on 
test vehicle to compete in 2007 DARPA Urban Challenge. Proposed tracking software 
was a solution to track a specified trajectory while following a reference velocity profile. 
 
Zakaria et al. (2012) proposed a steering wheel control and lateral control for autonomous 
vehicle using future prediction. Control law consisted of heading error and lateral error 
with gain parameter and velocity. They also studied the comfort level of the proposed 
control law with various gain parameter values by calculating the total acceleration and 
comparing it to comfort level based on ISO 2631-1 standard (Figure 3). They noticed that 
by increasing the gain from 0 to 1, increased accuracy and lateral acceleration which re-
sulted to decreased comfort level. 
 
 




2.4.2 Direct following 
Feng et al. (2013) studied guidance laws for pursuer convoy in three-dimensional case. 
In two dimensions, the three guidance laws velocity pursuit, deviated pursuit and propor-
tional navigation can be composed into one generic equation (equation 13) where θ is the 
heading angle, σ is the angle of the line of sight, M is navigation constant (M ≥ 1) and α 
is the deviation angle. 
 
𝜃(𝑡) = 𝑀 ∗ 𝜎(𝑡) + 𝛼     (13) 
 
Guidance laws are specified by following constraints: 
• Equation 13 represents velocity pursuit if M = 1 and α = 0. 
• Equation 13 represents deviated pursuit if M = 1 and α ≠ 0. 
• Equation 13 represents proportional navigation if M > 1 and α = 0. 
 
Belkhouche & Belkhouche (2005, August) studied guidance law strategies on controlling 
a robotic convoy. Guidance laws implemented were velocity pursuit, deviated pursuit and 
proportional navigation. They were originally designed for missile guidance. Velocity 
pursuit means forcing the velocity vector of the follower to lie on the line of sight joining 
the follower and its target. Deviated pursuit implements a non-zero angle between the 
velocity vector of the follower and line of sight. In proportional navigation, the angular 
velocity of the follower is proportional to the rate of turn of the line of sight angle. In the 
study follower robot knew linear and angular velocities of its preceding robot. Studied 
robots had one axle only. 
 
Belkhouche et al. (2005, November) investigated robot navigation towards a moving ob-
ject with unknown maneuvers using velocity pursuit and deviated pursuit guidance laws. 
Studied robot had one axle and its angular velocity was equal to the line of sight angle 
rate, where line of sight angle was between robots heading and the goal. Velocity pursuit 
guidance law tries to force the robot’s velocity vector to the same direction as the target’s 
velocity vector is. In the case of one-axle robots it means that robot tries to turn its orien-
tation angle to the target’s orientation angle. Deviated pursuit guidance law implements 
a non-zero deviation angle between the line of sight and velocity vector. It means that 
robot’s velocity vector is deviated from the line of sight by a constant angle. Velocity 
pursuit is actually a special case of deviated pursuit where the deviation angle is zero. 
This study was done on one-axle vehicle, so it can’t be applied directly to two-axle vehi-
cles. The studied guidance laws are meant to reach a target, so they do not necessarily 
follow target’s trajectory very well. 
 
Pham et al. (2004) studied the performance of a unified nonlinear controller for a platoon 
consisting of two car-like vehicles. Proposed controller used a focus point ahead on the 
direction of the follower vehicle. Special in this study was that the proposed control law 
was designed to operate both forward and backward motions of the platoon. 
 
AIM algorithm (Wirtanen, 2017) operated on a small number of inputs: aiming angle and 
distance between buses. It showed shortcutting behavior and did not adjust to different 
driving environments. Algorithm used target following method. Command steering value 
was adjusted by PID-controller to decrease phase error and increase steering angle. Equa-









where PID gains are formed from polynomial function (equation 15) where A, B, C and 
x were defined separately for each PID gain term: 
 
𝐾𝑝,𝑖,𝑑(𝑡) = 𝐴((1 + |𝛼𝑎𝑖𝑚(𝑡)|)
𝑥 − 1) + 𝐵|𝛼𝑎𝑖𝑚(𝑡)| + 𝐶  (15) 
 
LOS algorithm (Wirtanen, 2017) showed stable results with high velocities but had limi-
tations with large turning angles. However, it required information from the leader vehi-
cle: its steering angle and velocity in addition to aiming angle, reflector angle and distance 
between buses. Transfer functions were implemented into the algorithm to increase its 
performance which showed substantial improvements. Algorithm used target following 
method. Equation 16 shows the LOS algorithm steering law where Kp, Ki and Kd are 
proportional, integral and derivative gains, respectively, ωlos is turning rate of the line of 
sight, Lwb is length of the wheelbase and vf is the current velocity of the front wheels. 
 








Travis & Bevly (2008) presented trajectory duplication methods for controlling of fol-
lowing vehicle to follow leader vehicle’s path of travel that is out of sight of following 
vehicle. The following vehicle received leader vehicle’s relative position and relative an-
gles through GPS. The proposed Trailer Method and Extended Hitch Trailer Method are 
shown in Figure 4. Extended Hitch Trailer Method was originally presented by Ng et al. 
(2005) as a virtual trailer link model. 
 
 
Figure 4. Geometrical illustration of the Trailer Method and the Extended Hitch Trailer Method. 
(Travis & Bevly, 2008) 
 
Trailer Method’s target yaw angle was calculated as in equation 17. 
 
𝜓𝐹(𝑡) = 𝜃𝐹(𝑡)     (17) 
 
Extended Hitch Trailer Method’s target yaw angle was calculated as in equation 18. 
 




The proposed control law for steering included PD and feedforward terms (equation 19). 
Here Kp and Kd are proportional and derivative gains respectively, ψF – ψ is the yaw angle 
error, Lwb is the length of the wheelbase, v is the velocity of the vehicle and Kus is vehi-
cle’s understeering gradient. 
 
𝛿(𝑡) = 𝐾𝑝(𝜓𝐹(𝑡) − 𝜓(𝑡)) + 𝐾𝑑
𝑑
𝑑𝑡
(𝜓𝐹(𝑡) − 𝜓(𝑡)) + (
𝐿𝑤𝑏
𝑣(𝑡)




      (19) 
 
From the presented methods, Extended Hitch Trailer Method outperforms the Trailer 
Method. Trailer Method has the tendency to cut corners and following vehicle’s turning 
radius is smaller than the lead vehicle’s which means that larger distances between vehi-
cles increase the tracking error. However, for short distances, natural lags could overcome 
the tendency to cut corners. Extended Hitch Trailer Method shows good performance 
when following constant curvature paths. However, it has the tendency to prematurely 
equalize the turning radius. This action shows when transitioning from straight to curved 
trajectory the follower turns off the path to the opposite direction than the leader and when 
transitioning from curved to straight trajectory the follower cuts off the remaining path. 
 
Wit (2000) designed vector pursuit path tracking methods based on screw theory for au-
tonomous ground vehicles. He designed two different methods where the first one did not 
consider the nonholonomic constraints of the vehicle and the second one considered. Vec-
tor pursuit is a geometric path-tracking method that uses the theory of screws. It uses look 
ahead distance to define a target point and geometry to determine the desired motion of 
the vehicle. Vector pursuit uses both the location and orientation of the look ahead point 
to drive the vehicle to the desired state. Method has the same problem with all the other 
methods that use a look ahead point: vehicle tends to cut corners of a path. To overcome 
this situation, look ahead distance can be decreased but only to a certain point, otherwise 
it can lead to instability. 
 
Zhang et al. (2016) designed a path following control system for autonomous agricultural 
vehicle following another one. Control system obtained information about leading vehicle 
through camera vision system. Control law designed used longitudinal and heading track-
ing errors as inputs. The proposed system was able to satisfactorily control the movements 
of the follower during standard agricultural operations. In addition to direct following, 
the study also demonstrated parallel tracking of leader movements. 
 
Mariottini et al. (2008) studied vision-based localization and control of a leader-follower 
formation of one-axle mobile robots. System consisted of a follower, which measured the 
relative angle between its heading and line of sight through a panoramic camera, and a 
leader, which measured follower’s relative angles to it and controlled the follower i.e. the 







2.5 Longitudinal control 
Longitudinal control refers to the acceleration and deceleration of a vehicle. For vehicle 
following, the role of longitudinal control is to keep proper distance to preceding vehicle 
and avoid collisions (Khodayari, 2010). 
 
Longitudinal control of autonomous vehicle can be implemented by using two different 
methods: constant and variable spacing. Constant spacing method implements very short 
inter-vehicular distances but it requires V2V communication. For variable spacing V2V 
communication is not necessary but distance between vehicles can be very large, espe-
cially with high velocities. (Ali et al., 2013, July) 
 
2.5.1 Constant spacing 
Constant spacing method implements a fixed distance between vehicles. With constant 
spacing, distance between vehicles can be very small but it requires inter-vehicle com-
munication with the preceding vehicle. (Ali et al., 2013, July) 
 
2.5.2 Variable spacing 
Variable spacing means having a varying inter-vehicular distance that can change accord-
ing to velocity, dynamics or road condition. For variable spacing V2V communication is 
not necessary. However, distance between vehicles can be very large, especially with high 
velocities. (Ali et al., 2013, July) 
Ali et al. (2013, July) minimized the inter-vehicle distance of the time headway policy 
for platoon control on highways. Variable spacing can be implemented by using two dif-
ferent methods: constant or variable time headway. Constant time headway (CTH) policy 
is the simplest and most common among variable spacing policies and it can be seen in 
equation 20 where e is the spacing error, d is the current distance between vehicles, d0 is 
the minimum target distance, h is the time headway and v is the velocity of the vehicle. 
Variable time headway (VTH) can vary linearly with velocity, relative velocity, vehicle 
dynamics or road condition. 
 
𝑒(𝑡) = 𝑑(𝑡) − 𝑑0 − ℎ ∗ 𝑣(𝑡)    (20) 
 
Ali et al. (2013, July) proposed a modification to CTH policy to decrease the distance 
between vehicles which is seen in equation 21 where V is a same velocity value shared 
between all the vehicles in the platoon at the same sampling time (for ordinary CTH pol-
icy V = 0). The proposed modification makes the inter-vehicle distance become equal to 
constant spacing policy at equilibrium (d = d0). 
 
𝑒(𝑡) = 𝑑(𝑡) − 𝑑0 − ℎ ∗ (𝑣(𝑡) − 𝑉)    (21) 
 
The proposed policy is string stable, it decreases inter-vehicle distances when compared 
to CTH policy and it does not require as frequent communication between vehicles as 
constant spacing method. However, if connection between vehicles is lost, it can switch 
to fully autonomous mode by forcing V = 0. Authors also mention that for system to be 
stable the time headway h in presence of lags τ should be: 
 




where τ is the sum of all the lags in the system. 
 
Ali et al. (2013, October) generalized the results they obtained in previous work (Ali et 
al., 2013, July) to be applicable in urban environment by using decoupled longitudinal 
and lateral control. 
  
Adaptive Cruise Control (ACC) system is an enhancement to the conventional Cruise 
Control (CC), which regulates only vehicle’s speed. ACC maintains a desired cruise 
speed and following gap to the preceding vehicle. Desired time headway must be at least 
1,0 s according to standards and it can be as high as 3,6 s for commercial road vehicles 
equipped with ACC. (Eskandarian, 2012) 
 
ACC uses CTH policy to determine desired velocity. However, if the vehicle reaches 







3.1 Simulation model overview 
Simulations were conducted in MATLAB Simulink environment. Simscape Multibody 
First Generation blocks were used to build the simulation model, which allows reliable 
modelling of the dynamics of buses. Figure 5 represents the overall architecture of the 
simulation model. It consists of a simulation input block that determines movements of 
the leader bus. Vehicle models block includes both buses, road and their interaction. Lat-
eral control block includes steering control laws and steering controller. Longitudinal 
control block includes target distance algorithm and distance controller. 
 
 
Figure 5. The overall architecture of the simulation model. 
 
Figure 6 shows the geometry of the bus. Parameters for simulation model are gathered 





Figure 6. Geometry of the bus, where L is the length of the bus, Lw is the width of the bus, Lro is the 
length of the rear overhang, Lwb is the length of the wheelbase and Lfo is the length of the front 
overhang. 
 
Table 1. Properties of Linkker 12+ bus. (Linkker, 2017) 
length 12818 mm 
width 2550 mm 
wheelbase 6750 mm 
front overhang 2754 mm 
rear overhang 3314 mm 
empty weight 10500 kg 
payload 5500 kg 
tires 285/70 R 19,5 
max power 180 kW 
max torque at rear wheels 7824 Nm 
 
 
Figure 7. Geometry of the bus platoon, where d is the distance between the buses (from center of 
the follower’s front to center of the leader’s rear), αa is the aiming angle (positive direction shown), 
αr is the reflector angle (positive direction shown) and δ is the steering angle of the follower bus 




Geometry of the bus platoon and important variables are shown in Figure 7. Bicycle mod-
els of the buses were used in the simulation model. Simulation model did not include the 
model for friction. Therefore, cornering stiffness of the tires was not modelled. Tires were 
also modelled to perfectly translate rotational movements into translational movements. 
This simplification is valid to represent a good tire-road-interaction. It obviously does not 
represent the case in rainy weather or when there is snow or ice present. 
 
Buses have identical performance characteristics. Therefore, it is safe to assume that they 
perform similarly with given weather conditions. For instance, if there is snow and ice 
present, the performance of both buses will be decreased similarly. When assuming that 
buses are driving almost the same path, this assumption holds true. The only special case 
would be when the weather conditions vary longitudinally for instance leader bus could 
be on pavement and follower on ice momentarily. In this special case, the performance 
of the buses could vary. However, if this kind of weather would be present, one could 
assume that the professional bus driver driving the leader bus would take it into account 
and drive carefully and smoothly. 
 
Buses could be connected either wirelessly or by a mechanical link. Mechanical link 
could be either rigid or flexible i.e. it could change its length. Mechanical link, whether 
it be flexible or not, poses physical constraints to the bus platoon: the link must not deviate 
more than 90 ° from position where the buses are lined up, otherwise it will hit the leader 
or the follower bus. In practice, the constraint would be probably tighter. Figure 9 presents 
a tight turn performed by the follower bus. The arrow in red represents the ultimate devi-
ation direction without mechanical link hitting the follower bus. However, the arrow in 
blue shows where the link should actually point in order to buses be connected by it as-
suming buses are driving on circles whose center points coincide. Therefore, it is not 
possible to use a mechanical link between the buses if buses are capable of performing as 





Figure 8. Follower bus performing a tight turn (45 ° steering angle) where red arrow indicates the 
farthest direction where physical link could point and blue arrow indicates where it should be able 
to point at least. 
 
Distance between the buses could be measured through radar and lidar using sensor fusion 
techniques. This method gathers the advantages of both sensors together: the speed of 
radar signals and the measuring range of lidar. Lidar can measure up to 360 ° so it would 
not cause any physical constraints if it would be mounted on top on follower buses front. 
Radar can only measure in small range but it could benefit control system when driving 
on relatively straight roads with high speeds. 
 
Aiming angle could be measured directly by lidar. Lidar could be also used to measure dr 






Figure 9. Calculation of the reflector angle, where dr is the distance from the follower bus to the 
right rear corner of the leader bus. 
 
The reflector angle could then be calculated by using law of cosines: 
 










)    (23) 
 
3.2 Longitudinal controller 
As the purpose of this study is to test the performance of a control system that has no 
information coming from the leader bus, the longitudinal controller implemented must be 
based on variable spacing policy. Constant time headway policy has proven to be an ef-
fective method to drive the velocity of a vehicle in situations similar to this. It is also a 
method that is implemented in commercial applications successfully. However, commer-
cial applications use very high values for time headway term, which is not wanted when 
operating a bus platoon. The distance between buses should be large enough to avoid 
collisions in all situations but small enough to indicate that buses are driving as a platoon, 
which would further avoid other traffic to move between the buses. 
 
CTH policy requires two parameters to be defined: d0 which is the minimum target dis-
tance and h which is the time headway. Minimum target distance is related to the geom-
etry of the vehicles. Time headway is related to the lags present in the system. These lags 
come from distance measurement and velocity control. 
 
When considering two commercially available sensors (Table 2 and Table 3) a lag of 
distance measurement of 100 ms should be achievable. 
 
 
Table 2. Properties of Continental Short Range Radar. (Continental, 2016) 
distance range: 1-50 m accuracy: 0,2 m 
speed range: ±146 km/h accuracy: 0,2 km/h 




Table 3. Properties of Götting Laser Scanner HG 43600-A. (Götting, 2014) 
distance range: 1-30 m accuracy: ±5 mm 
angle range: 360° resolution: up to 65536 
increments/360° 
measuring rate 6-18 1/s  
 
Lags coming from the velocity controller come from actuator and sensor. Linkker 12+ 
electric bus uses permanent magnet motor for actuating the velocity of the bus (Linkker, 
2017). The lag of electric motor composes of electrical and mechanical time constant. If 
treated as one lag, electric motors in general should be capable of achieving a lag of 50 
ms. (Wu, 2012) Rotational velocity of rear axle in vehicles is usually measured by an 
encoder. The raw encoder data is usually filtered out to reduce noise. This filtering intro-
duces the lag that comes from the encoder. A lag of 10 ms for filter is chosen for the 
simulation model. 
 
The magnitude of lags present in the system indicates that it is not reasonable to use cas-
caded control i.e. two control loops. Therefore, it is better to use one controller for con-
trolling the distance. PID-controller is chosen, as it is easy to implement and tune it. Also, 
a feedforward control is added to better tune the response of the controller. When calcu-
lating above mentioned lags together, the sum of all the lags present in the longitudinal 
control system becomes: 
𝜏 = 160 𝑚𝑠 
 
These lags are rough estimates of what could be possible to achieve. Therefore, it is better 
to oversize the time headway term which can be calculated using equation 22. When using 
parameter values d0 = 1 m and h = 0,4 s, for a bus driving between 0 and 80 km/h the 
distance varies between 1 and 9,89 m. 
 
However, buses need to be able to perform tight turns. Tight turns must increase the min-
imum target distance, otherwise buses would collide. On the other hand, tight turns do 
not affect the time headway, because it is not a function of geometry. If we suppose buses 
have steering angle limits of -45 ° ≤ δ ≤ 45 °, which was also used in Zakaria et al. (2013) 
study, the geometry of the platoon can be calculated assuming buses are driving on circles 





Figure 10. Geometry of the bus platoon during a tight turn. Red arrow indicates the absolute mini-
mum for the distance. 
 
When driving with maximum steering angle δ = 45 ° the following turning radius for 




= 6,75 𝑚 
𝑅𝑓𝑎 = √𝑅𝑟𝑎
2 + 𝐿𝑤𝑏
2 ≈ 9,55 𝑚 
𝑅𝑓 = √𝑅𝑟𝑎
2 + (𝐿𝑤𝑏 + 𝐿𝑓𝑜)
2
≈ 11,66 𝑚 
𝑅𝑟 = √𝑅𝑟𝑎
2 + 𝐿𝑟𝑜
2 ≈ 7,52 𝑚 
 
where Rf, Rfa, Rra and Rr are the turning radius of the front, the front axle, the rear axle 
and the rear, respectively. Because the distance between the buses is measured from the 
front of the follower bus to the rear of the leader bus, it creates geometrical constraint 
during tight turning. The absolute minimum for the distance, if driving minimum radius 
turns and with the assumption that buses are turning around the same center point with 
same turning radius, must be: 
𝑅𝑓 − 𝑅𝑟 ≈ 4,14 𝑚 
 
If the distance reaches this value during 45 ° steering angle turn, the longitudinal control-
ler does not know what direction to drive. That is, because from that point the distance 





There exists even more extreme situation when the follower drives with maximum steer-
ing angle and the leader turns its steering angle to the opposite maximum i.e. for instance 
δleader = -45 ° and δfollower = 45 ° as seen in Figure 11. 
 
 
Figure 11. Extreme case of tight turning. Red arrow indicates the absolute minimum for the dis-
tance. 
 
Now, the absolute minimum for the distance is: 
𝑅𝑓 − 𝑅𝑟 + 2 ∗ (𝑅𝑟 − 𝑅𝑟𝑎) ≈ 5,68 𝑚 
 
This corresponds to an aiming angle of: 




) ≈ 144,62 ° 
 
The other extreme case to be considered is when the reflector angle is large. This brings 
the rear corner of the leader bus closer to the follower by Lw/2 (half of the width of the 
bus) when the reflector angle is 90 °. As a side note, the reflector angle barely ever ex-




However, distance must not reach the absolute minimum distance, which is taken into 
account by off-setting the minimum target distance by 1 m. Therefore, the following 
equation to determine the target distance is proposed: 
 
𝑑𝑡𝑎𝑟𝑔𝑒𝑡(𝑡) = 𝑑0(𝑡) + ℎ ∗ 𝑣(𝑡)    (24) 
 
where the minimum target distance, which is off-set by 1 m from the absolute limit, is: 
 









   (25) 
 
and the time headway is: 
ℎ = 0,4 𝑠 
 




Figure 12. The architecture of the longitudinal control. 
 
 
3.3 Lateral controller 
The simulation model assumes that lateral forces acting on the wheels are negligible and 
maneuvering of the vehicle can be done by pure rolling of the wheels if we neglect tire 
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turn slip (Pauwelussen, 2014). Therefore, Ackermann steering is used. Ackermann steer-
ing using bicycle model define steering angle δ as following (equation 26): 
 
𝛿 = tan−1 (
𝐿𝑤𝑏
𝑅𝑟𝑎
) = tan−1(𝜅 ∗ 𝐿𝑤𝑏)    (26) 
 
where Lwb is the length of the wheelbase, Rra is the turning radius of the rear axle and κ 
is the corresponding curvature of the path. 
 
Lateral control of the follower bus happens in two stages. First, the tested control law 
calculates target steering angle. Last, the target steering angle is compared to the meas-
ured steering angle and the error is fed to the controller which adjusts the steering wheel 
accordingly. 
 
If we suppose using Ackerman steering, for Linkker 12+ bus it is reasonable to assume 
steering limits of -45 ° ≤ δ ≤ 45 °, which was also used in Zakaria et al. (2013) study. 
PID-controller is used with a feedforward term for lateral control. Figure 13 represents 
the working principle of the lateral control. 
 
 
Figure 13. The architecture of the lateral control. 
 
3.3.1 Pure Pursuit method 
The Pure Pursuit method is utilized here but using direct target following. Usually the 
look ahead point is chosen to be on a predefined trajectory. Here the look ahead point is 
chosen to be on the middle of the rear axle of the leader bus. The proposed control law 
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tries to drive the following bus on a circular arc so that the center of follower’s rear axle 
will coincide with the position where the center of the rear axle of the leader bus was. 
Figure 14 shows the geometrical relationship of buses and the Pure Pursuit method. 
 
 
Figure 14. Geometry of the Pure Pursuit method. 
 
The origin of coordinate system is chosen to be on the center of the rear axle of follower 
bus. The position of the look ahead point (xlra, ylra) in follower’s coordinate system and 







𝐿𝑤𝑏 + 𝐿𝑓𝑜 + 𝑑(𝑡) ∗ cos 𝛼𝑎(𝑡) + 𝐿𝑟𝑜 ∗ cos 𝛾(𝑡)
𝑑(𝑡) ∗ sin 𝛼𝑎(𝑡) + 𝐿𝑟𝑜 ∗ sin 𝛾(𝑡)
𝛼𝑎(𝑡) − 𝛼𝑟(𝑡)
]  (27) 
 
The proposed Pure Pursuit control law uses look ahead distance. Because it is already a 
function of the velocity there is no need to account for velocity anymore. Look ahead 
distance dlad and angle α can be calculated as following: 
 
𝑑𝑙𝑎𝑑(𝑡) = √𝑥𝑙𝑟𝑎(𝑡)2 + 𝑦𝑙𝑟𝑎(𝑡)2    (28) 
 
𝛼(𝑡) = tan−1 (
𝑦𝑙𝑟𝑎(𝑡)
𝑥𝑙𝑟𝑎(𝑡)
)      (29) 
 










where K is a gain parameter for tuning the look ahead distance. 
 
Figure 15 and Figure 16 show the preliminary performance of the Pure Pursuit control 
law when using value of K = 1 and leader bus is moving with velocities of 5 m/s and 10 
m/s. Follower bus seems to follow leader’s path quite well. However, steering angle of 
the follower does not perfectly match with the leader’s. With higher velocity, follower 
does not seem to follow leader’s path as precisely as with lower velocity. 
 
 





Figure 16. Performance of the Pure Pursuit control law, when vleader = 10 m/s and K = 1. 
 
3.3.2 Spline Pursuit method 
Spline Pursuit method is based on the idea to take into account the heading of the leader 
in relation to the follower. The idea here is to form a function for a cubic spline between 
the rear axles of the buses. The origin of the coordinate system is located on the follower 
bus as seen in Figure 17. The position of the target point is defined the same way as in 
Pure Pursuit method. After that, the curvature of the spline in the origin is calculated. 
Curvature itself can be directly used to calculate the target steering angle. 
 
 
Figure 17. Geometry of the Spline Pursuit method. 
 
A general cubic polynomial function can be presented as following: 
 
𝑓(𝑥) = 𝑎 ∗ 𝑥3 + 𝑏 ∗ 𝑥2 + 𝑐 ∗ 𝑥 + 𝑑    (31) 
 




𝑓′(𝑥) = 3𝑎 ∗ 𝑥2 + 2𝑏 ∗ 𝑥 + 𝑐    (32) 
 
Next, boundary conditions are applied to solve unknown parameters a, b, c and d. The 
boundary conditions are: 
𝑓(0) = 0 
𝑓′(0) = 0 
𝑓(𝑥𝑙𝑟𝑎) = 𝑦𝑙𝑟𝑎 
𝑓′(𝑥𝑙𝑟𝑎) = tan 𝛾 
 
These conditions produce the following parameter values for a, b, c and d: 
𝑎 =




3 ∗ 𝑦𝑙𝑟𝑎 − 𝑥𝑙𝑟𝑎 ∗ tan 𝛾
𝑥𝑙𝑟𝑎2
 
𝑐 = 0 
𝑑 = 0 
 
The effect of relative heading on the shape of the spline can be seen in Figure 18. 
 
 
Figure 18. Effect of relative heading on the shape of the spline. 
 





     (33) 
 





    (34) 
 
From the last equation can be seen that: 
• When xlra increases, the magnitude of κ decreases. 
• When ylra increases, κ increases. 




The Spline Pursuit control law can now be defined as: 
 
𝛿𝑡𝑎𝑟𝑔𝑒𝑡(𝑡) = tan
−1(𝜅(𝑡) ∗ 𝐿𝑤𝑏)    (35) 
 
Figure 19 and Figure 20 show the preliminary performance of the Spline Pursuit control 
law. As can be seen, the method is inherently oscillatory. 
 
 





Figure 20. Performance of the Spline Pursuit control law, when vleader = 10 m/s. 
 
3.3.3 Circular Pursuit method 
In Circular Pursuit method, the steering angle tries to follow a circular arc which coin-
cides with the leader vehicle’s front axle and is tangential to leader vehicle’s heading. 
Control law tries to drive the follower’s center of the front axle on a circular arc to the 
position where the center of the leader’s front axle was. The geometry of the bus platoon 
and idea behind Circular Pursuit method can be seen in Figure 21. The circular arc goes 
through the center of follower’s front axle and the center of leader’s front axle and is 






Figure 21. Geometry of the Circular Pursuit method. 
 
In the proposed control law, the coordinate system is placed so that its origin lies on the 
center of follower bus’s front axle. The position on leader bus’s front axle (xlfa, ylfa) and 







𝐿𝑓𝑜 + 𝑑(𝑡) ∗ cos 𝛼𝑎(𝑡) + (𝐿𝑟𝑜 + 𝐿𝑤𝑏) ∗ cos 𝛾(𝑡)
𝑑(𝑡) ∗ sin 𝛼𝑎(𝑡) + (𝐿𝑟𝑜 + 𝐿𝑤𝑏) ∗ sin 𝛾(𝑡)
𝛼𝑎(𝑡) − 𝛼𝑟(𝑡)
]  (36) 
 
Next, the look ahead distance is calculated: 
 
𝑑𝑙𝑎𝑑(𝑡) = √𝑥𝑙𝑓𝑎(𝑡)2 + 𝑦𝑙𝑓𝑎(𝑡)2    (37) 
 
The angle β which is between the heading of the follower bus and the look ahead vector 
is calculated as following: 
 
𝛽(𝑡) = tan−1 (
𝑦𝑙𝑓𝑎(𝑡)
𝑥𝑙𝑓𝑎(𝑡)
)      (38) 
 
Next, the radius R of the circle is calculated: 
 
cos(90° − (𝛽 + 𝛾)) =
𝑑𝑙𝑎𝑑/2
𝑅
    (39) 
 
sin(𝛽 + 𝛾) =
𝑑𝑙𝑎𝑑
2𝑅






      (41) 
 







      (42) 
 
𝑑𝑙𝑎𝑑








= 2𝑅      (44) 
 
𝛼(𝑡) = sin−1 (
𝑑𝑙𝑎𝑑(𝑡)
2𝑅(𝑡)
)      (45) 
 
The Circular Pursuit control law is expressed as following: 
 
𝛿𝑡𝑎𝑟𝑔𝑒𝑡(𝑡) = 𝛼(𝑡) + 𝛽(𝑡)      (46) 
 
Figure 22 and Figure 23 show preliminary performance of the Circular Pursuit control 
law. The control law seems to be quite oscillatory. With vleader = 5 m/s, the control law 
completely fails to follow the leader. 
 
 





Figure 23. Performance of the Circular Pursuit control law, when vleader = 10 m/s. 
 
3.3.4 Modified Pure Pursuit method 
Modified Pure Pursuit method is an extension to the studied Pure Pursuit method. It tries 
to take into account the relative heading of the leader bus, which is not considered in Pure 
Pursuit. Figure 24 represents the geometry of the method. The idea here is to define Pure 
Pursuit geometry for a virtual position of the follower so that virtual heading is tangential 
to a circle defined by positions of center of follower’s and leader’s rear axles and tangen-





Figure 24. Geometry of the Modified Pure Pursuit method, where αt is the angle between the virtual 
heading of the follower and the look ahead vector. 
 
The position and heading of the leader’s rear axle are defined the same way as in Pure 
Pursuit. The look ahead distance and the angle α between follower’s heading and the look 
ahead vector are defined also the same way. 
The angle between the virtual follower’s heading and the look ahead vector αt is defined 
by the following equation: 
 
𝛼𝑡(𝑡) = 𝛾(𝑡) − 𝛼(𝑡)     (47) 
 
However, follower bus has different heading than virtual follower has. Only in steady-
state situation they coincide. Therefore, there has to be a term to drive the follower bus 
into the same heading than the virtual follower is. This can be seen in the following equa-






) + 𝑀(𝛼(𝑡) − 𝛼𝑡(𝑡))  (48) 
 
where the first term expresses the Pure Pursuit control law with added modification and 
the second term expresses transient behavior which tries to drive α -> αt and K and M are 
gain parameters. 
 
Preliminary performance of the Modified Pure Pursuit control law can be seen in Figure 










Figure 26. Performance of the Modified Pure Pursuit control law, when vleader = 10 m/s, K = 1 and 
M = 0,5. 
 41 
 
4 Results and analysis 
 
4.1 Longitudinal controller 
The performance of the longitudinal controller is evaluated here. There are three different 
types of tests performed: initialization, acceleration and deceleration. 
 
4.1.1 Set-up with initial distance 
Following tests relate to the situation when the whole controller system is initialized. At 
the time of initialization, buses are probably not exactly at right distance from each other. 
Therefore, it is necessary to study the performance of the longitudinal controller when 
buses have varying inter-vehicular distances. 
 
In tests, the leader bus is stationary and so is the follower bus initially. Buses are lined-
up, so the effects of aiming and reflector angles are not studied. Tests were performed 
with initial distance of 2, 5 and 10 m. Figure 27, Figure 28 and Figure 29 show perfor-
mance of the controller. Controller corrects large errors quite fast. After that it slowly 
drives the follower bus to the proper distance. 
 
 





Figure 28. System initialization with initial distance of 5 m. 
 
 
Figure 29. System initialization with initial distance of 10 m. 
 
It can be concluded that the longitudinal controller works in initialization for inter-vehic-
ular distances ranging from 2 to 10 m. 
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4.1.2 Acceleration and deceleration 
Following tests were performed the following way. A PID-controller was implemented 
to control the velocity of the leader bus in order to take dynamics of the leader bus into 
account. A step input of 10 m/s at simulation time of 10 s was added to control the leader. 
A step input of -10 m/s was added at simulation time of 60 s. Three tests were performed. 
In the first test buses had no additional payload i.e. they were empty. In the second test 
both buses carried full payload (5500 kg). In the third test leader bus was empty and 
follower bus carried full payload. 
 
Figure 30, Figure 31 and Figure 32 show the performance of the longitudinal controller 
in acceleration and deceleration tests. First test shows that the follower is able to follow 
leader very rapidly. Second test shows some overshooting in distance. Third test shows 
that follower is unable to maintain safe distance to the leader and crashes. Second and 
third tests show the reduced acceleration and deceleration capabilities of the buses when 
compared to the first test. 
 
 










Figure 32. Acceleration and deceleration test with target velocity of 10 m/s. Payload of leader bus 0 




Longitudinal controller seems to work well, when both buses are loaded with same 
amounts of payload. However, when the follower is loaded more than the leader, control-
ler might not be able to prevent collision. Therefore, this situation must be considered 
separately or parameters of the longitudinal controller must be adjusted. 
 
4.2 Lateral controller 
Performance of the lateral controller will be studied in two different scenarios: when fol-
lowing constant curvature paths (steady-state behavior) and varying curvature paths (tran-
sient behavior) measured from the rear axle. On constant curvature path, the steering an-
gle of the vehicle stays the same. On varying curvature path, the steering angle either 
increases or decreases. Because the distance between the buses changes according to the 
driving velocity, tests must be done on various driving velocities, because it might change 
the performance of the lateral controller. 
 
4.2.1 Steady-state behavior 
Test were performed by the following way. Leader bus drives into a circle of constant 
curvature (constant steering angle) and follower’s behavior is measured. Steering angles 
experimented were 5, 10, 20, 30 and 40 °. Straight driving was not studied i.e. steering 
angle of 0 °. Only positive steering angles were studied because all of the designed lateral 
controllers are symmetrical in that sense. Driving velocities of 0,1 to 25 m/s were to be 
tested. 
 
Even though it would be interesting to see the performance of the controllers in cases 
where both steering angle and velocity are high, it is by no means reasonable. When driv-
ing on circles with constant speed, there is lateral acceleration present. This is due to the 
change of the direction of the velocity. The amount of lateral i.e. centripetal acceleration 








     (49) 
 
This centripetal acceleration, even when driving with constant velocity, is experienced as 
uncomfortability by the passengers. According to ISO 2631-1 standard, the border of ex-
tremely uncomfortable overall acceleration is 2,5 m/s2 (section 2.4.1, figure 4). It is rea-
sonable to assume that a professional bus driver will not reach that limit. Therefore, ve-





     (50) 
 
where: 
𝑎𝑐,𝑚𝑎𝑥 = 2,5 𝑚/𝑠
2 
 
This limit results in following maximum test velocities: 
𝑣𝑚𝑎𝑥,5° ≈ 13,89 𝑚/𝑠 
𝑣𝑚𝑎𝑥,10° ≈ 9,78 𝑚/𝑠 
𝑣𝑚𝑎𝑥,20° ≈ 6,81 𝑚/𝑠 
𝑣𝑚𝑎𝑥,30° ≈ 5,41 𝑚/𝑠 
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𝑣𝑚𝑎𝑥,40° ≈ 4,48 𝑚/𝑠 
 
However, it is better to test the performance of the controllers to the next integer of ve-
locity. 
 
Tests were performed so that leader bus was driven to a constant velocity and some time 
was spent on that velocity for the follower bus to settle the distance to the target value. 
This was done to minimize the effects of varying velocities on the performance of the 
lateral controllers. 
 
After the distance had settled down, the steering angle of the leader was increased to the 
target value linearly in 5 seconds. When the follower’s steering angle had settled down, 
the value was collected with precision of 2 decimals. 
 
Table 4, Table 5, Table 6 and Table 7 show steady-state test results using different control 
laws. For Pure Pursuit and Modified Pure Pursuit the effect of gain parameter K was also 
investigated. Gathered follower’s steering angles were gathered using value of K = 1. 
After that, follower’s steering angle was investigated using different values of K and the 
value of K was gathered with precision of 2 decimals to best match the follower’s steering 
to the leader’s. 
 
Table 4. Steady-state tests using Pure Pursuit control law. 
 
 
Table 5. Steady-state tests using Spline Pursuit control law, where o indicates oscillation and f indi-
cates failing to follow. 
 
 
v leader (m/s) δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K
0,1 5 5,02 1,92 10 10,15 1,6 20 20,88 1,36 30 31,93 1,25 40 42,48 1,17
1 5 5,02 1,73 10 10,14 1,5 20 20,77 1,29 30 31,58 1,19 40 41,77 1,11
2 5 5,02 1,6 10 10,12 1,4 20 20,65 1,23 30 31,2 1,13 40 40,96 1,06
3 5 5,02 1,5 10 10,11 1,31 20 20,53 1,17 30 30,83 1,09 40 40,16 1,01
4 5 5,01 1,38 10 10,09 1,25 20 20,41 1,12 30 30,47 1,04 40 39,27 0,96
5 5 5,01 1,3 10 10,07 1,19 20 20,29 1,08 30 30,11 1,01 40 38,35 0,92
6 5 5,01 1,2 10 10,06 1,14 20 20,18 1,05 30 29,72 0,98
7 5 5,01 1,15 10 10,05 1,1 20 20,07 1,02
8 5 5,01 1,1 10 10,03 1,06
9 5 5 1,08 10 10,02 1,03
10 5 5 1,06 10 10 1
11 5 5 1,01
12 5 5 0,99
13 5 5 0,97
14 5 5 0,95
v leader (m/s) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°)
0,1 5 o 10 o 20 o 30 o 40 o
1 5 o 10 o 20 o 30 o 40 f
2 5 o 10 o 20 o 30 o 40 45
3 5 o 10 o 20 o 30 o 40 o
4 5 o 10 o 20 o 30 o 40 f
5 5 o 10 o 20 o 30 f 40 f
6 5 o 10 o 20 o 30 f
7 5 o 10 o 20 o
8 5 o 10 o
9 5 o 10 o







Table 6. Steady-state tests using Circular Pursuit control law, where o indicates oscillation and f 
indicates failing to follow. 
 
 
Table 7. Steady-state tests using Modified Pure Pursuit control law, where M = 0,5. 
 
 
Tables show that Spline Pursuit is inherently oscillatory. It also fails to follow the leader 
bus at tight turns. 
 
Circular Pursuit seems to work at small velocities and at turns from large to medium 
radius circles. Otherwise, it becomes oscillatory and even fails to follow at tight turns. 
 
Pure Pursuit control law is able to follow the leader bus in all tests. It shows small devia-
tions from leader’s steering angle at large radius turns and larger deviations at small radius 
turns. It tends to use higher steering angles at small velocities and lower steering angles 
at higher velocities. Using gathered values of follower’s steering angle, the radius of cir-
cle performed by follower can be calculated and compared to the leader’s. The maximum 
error in circle radius, which represents the lateral error, can be calculated. The results can 
be seen in Table 8. 
 
Table 8. Turning radius and lateral errors in steady-state tests when using Pure Pursuit. 
 
 
The maximum lateral error when combining all tests is 0,8 m for front axle and 0,86 m 
for rear axle. The maximum lateral error for front axle seems to happen when driving 20 
° steering angle turns. 
 
The effect of gain parameter K was investigated as seen in Table 4. The point of it was to 
identify if it is possible to tune the response of the algorithm by adding a speed dependent 
v leader (m/s) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°) δ leader (°) δ follower (°)
0,1 5 5,04 10 10,3 20 22,98 30 45 40 f
1 5 5,04 10 10,31 20 23,07 30 45 40 f
2 5 5,04 10 10,32 20 23,16 30 45 40 f
3 5 5,04 10 10,32 20 23,26 30 45 40 f
4 5 o 10 10,33 20 23,37 30 45 40 f
5 5 o 10 o 20 23,48 30 45 40 f
6 5 o 10 o 20 23,6 30 45
7 5 o 10 o 20 o
8 5 o 10 o
9 5 o 10 o





v leader (m/s) δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K δ leader (°) δ follower (°) K
0,1 5 5,03 1,83 10 10,21 1,59 20 21,24 1,31 30 31,9 1,15 40 41,23 1,06
1 5 5,03 1,74 10 10,19 1,53 20 21,09 1,28 30 31,6 1,13 40 41 1,05
2 5 5,02 1,64 10 10,18 1,46 20 20,92 1,24 30 31,26 1,11 40 40,61 1,03
3 5 5,02 1,55 10 10,16 1,39 20 20,76 1,19 30 30,89 1,08 40 40,11 1,01
4 5 5,02 1,47 10 10,14 1,33 20 20,59 1,15 30 30,51 1,04 40 39,43 0,97
5 5 5,02 1,39 10 10,11 1,27 20 20,43 1,11 30 30,12 1,01 40 38,62 0,93
6 5 5,02 1,32 10 10,09 1,21 20 20,26 1,07 30 29,69 0,97
7 5 5,01 1,26 10 10,07 1,16 20 20,1 1,03
8 5 5,01 1,2 10 10,05 1,1
9 5 5,01 1,13 10 10,03 1,06
10 5 5 1,07 10 10,01 1,01
11 5 5 1,02
12 5 5 0,98
13 5 5 0,95
14 5 4,99 0,9
test (°) R_fa leader (m) R_fa follower min (m) R_fa follower max (m) R_fa error max (m) R_ra leader (m) R_ra follower min (m) R_ra follower max (m) R_ra error max (m)
5 77,45 77,14 77,45 0,31 77,15 76,84 77,15 0,31
10 38,87 38,30 38,87 0,57 38,28 37,70 38,28 0,58
20 19,74 18,94 19,67 0,80 18,55 17,70 18,48 0,85
30 13,50 12,76 13,62 0,74 11,69 10,83 11,82 0,86
40 10,50 10,00 10,88 0,51 8,04 7,37 8,53 0,67
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gain parameter. Figure 33 shows the optimal values of K with different driving velocities 
and steering angle values. 
 
 
Figure 33. Optimal values of gain parameter K in different driving scenarios for Pure Pursuit. 
 
As can be seen, the response of the algorithm cannot be tuned by a speed dependent gain 
parameter. 
 
Modified Pure Pursuit control law is able to follow the leader bus in all tests. It shows 
small deviations from leader’s steering angle at large radius turns and larger deviations at 
small radius turns. It tends to use higher steering angles at small velocities and lower 
steering angles at higher velocities. Using gathered values of follower’s steering angle, 
the radius of circle performed by follower can be calculated and compared to the leader’s. 
The maximum error in circle radius, which represents the lateral error, can be calculated. 
The results can be seen in Table 9. 
 
Table 9. Turning radius and lateral errors in steady-state tests when using Modified Pure Pursuit 
 
 
The maximum lateral error when combining all tests is 1,1 m for front axle and 1,18 m 
for rear axle. The maximum lateral error seems to happen when driving 20 ° steering 
angle turns. 
 
The effect of gain parameter K was investigated as seen in Table 7. The point of it was to 
identify if it is possible to tune the response of the algorithm by adding a speed dependent 
gain parameter. Figure 34 shows the optimal values of K with different driving velocities 

















test (°) R_fa leader (m) R_fa follower min (m) R_fa follower max (m) R_fa error max (m) R_ra leader (m) R_ra follower min (m) R_ra follower max (m) R_ra error max (m)
5 77,45 76,99 77,60 0,46 77,15 76,69 77,31 0,46
10 38,87 38,08 38,83 0,79 38,28 37,48 38,24 0,80
20 19,74 18,63 19,64 1,10 18,55 17,37 18,45 1,18
30 13,50 12,77 13,63 0,73 11,69 10,84 11,84 0,85




Figure 34. Optimal values of gain parameter K in different driving scenarios for Modified Pure 
Pursuit. 
 
As can be seen, the response of the algorithm cannot be tuned by a speed dependent gain 
parameter. 
 
Steady-state tests show the performance of studied control laws when following a vehicle 
that drives on a constant curvature path. Spline Pursuit and Circular Pursuit do not per-
form well at all. Pure Pursuit method out-performs the Modified Pure Pursuit method by 
a small margin. 
 
Pure Pursuit and Modified Pure Pursuit were not able to follow the leader vehicle per-
fectly, which should be the case in theory. This inaccuracy in probably due to the lags 
present in the lateral control system and errors present in simulations. 
 
4.2.2 Transient behavior 
Transient behavior of the lateral controller means the case when the leader vehicle 
changes its steering angle. This can be studied by examining the paths of the leader and 
the follower in following cases: driving from straight path to curve i.e. increasing the 
steering angle and driving from curve to straight path i.e. decreasing the steering angle. 
Transient behavior is studied in two common maneuvers performed in traffic: u-turn and 
double lane change. 
 
4.2.2.1 U-turn maneuver 
U-turn maneuver is a great real-world example of how vehicles really move in traffic. It 
requires a lot of accuracy from the lateral controller. According to Suomen 
Paikallisliikenneliitto (2010) a two-axle bus should achieve a turning radius of 12 m 
measured from the middle of the front axle. To achieve a 12-m turning radius measured 
from the middle of the front axle the corresponding steering angle is: 
𝛿 = sin−1 (
𝐿𝑤𝑏
𝑅𝑓𝑎



















This is used as a basis for constructing the movements of the leader bus. Leader bus is 
driven with a constant velocity of 5 m/s into a u-turn to the left. A slow velocity of 5 m/s 
is chosen because in reality such an extreme maneuver would be performed slowly. Also, 
higher velocity would increase centripetal acceleration into extremely uncomfortable lev-
els. After the u-turn maneuver, the leader continues its path to the direction where it orig-
inally came from. 
 
U-turn maneuver includes both increasing and decreasing of the steering angle i.e. path 
curvature. Therefore, both transient behavior aspects can be studied. 
 
Figure 35 shows the results of u-turn maneuver tests. Pure Pursuit and Modified Pure 
Pursuit follow the leader bus quite well. Spline Pursuit and Circular Pursuit do not follow 
well and they start to oscillate after the maneuver. Furthermore, Spline Pursuit fails to get 
into the same lane after the maneuver. 
 
 
Figure 35. U-turn maneuver test results. 
 
Close-up of u-turn maneuver test results (Figure 36) shows that Pure Pursuit and Modified 
Pure Pursuit turn follower bus at the start of the turn to the other direction than the direc-
tion of the turn. They also make the largest lateral error slightly after start of turn and cut 





Figure 36. Close-up of u-turn maneuver test results. 
 
Figure 37 shows close-up from the start of the maneuver. When measured from the mid-
dle of the front axle, Pure Pursuit makes maximum lateral error of under 0,2 m and Mod-





Figure 37. Close-up of u-turn maneuver test results, start of turn. 
 
Figure 38 shows close-up of the turn where the largest lateral error occurs by Pure Pursuit 
and Modified Pure Pursuit. When measured from the middle of the front axle, Pure Pur-





Figure 38. Close-up of u-turn maneuver test results, largest lateral error. 
 
Figure 39 shows close-up from the end of the maneuver. When measured from the middle 
of the front axle, Pure Pursuit makes maximum lateral error of under 0,5 m and Modified 





Figure 39. Close-up of u-turn maneuver test results, end of turn. 
 
Spline Pursuit and Circular Pursuit fail to follow movements of the leader bus precisely. 
Pure Pursuit and Modified Pure Pursuit follow movements of the leader bus quite well. 
However, they both make similar errors at the start of the maneuver, slightly after start 
and when returning to straight driving. If measured by the maximum lateral error present, 
Modified Pure Pursuit performs the best of the studied methods in u-turn maneuver. 
 
4.2.2.2 Double lane change maneuver 
Double lane change (DLC) maneuver represents regular traffic behavior when a vehicle 
tries to evade an obstacle on the road. The maneuver also resembles bus behavior when 
bus drives into a bus stop and leaves it. Figure 40 shows dimensions of Finnish bus stops. 
It can be seen that the width of a bus stop is similar to the width of a road line. Therefore, 
it is enough to study the behavior of the bus platoon only in double lane change maneuver 






Figure 40. Dimensions of Finnish bus stops. (Tiehallinto, 2003) 
 
Double lane change maneuver includes both increasing and decreasing of steering angle 
i.e. path curvature. It also includes maneuver (single lane change) after maneuver per-
formed without settling time between which increases challenge to control laws. This 
action is not present in u-turn maneuver. Therefore, DLC maneuver is essential in stud-
ying the performance of the proposed control laws. 
 
Double lane change maneuver simulations are driven with velocities of 5 m/s and 10 
m/s. Higher velocities are not studied because it would increase the centripetal accelera-
tion into extremely uncomfortable levels or otherwise the length of the maneuver would 
be very long and it would be performed with low steering angles. Low steering angle 
driving is not interesting to study anymore because steady-state behavior tests showed 
that largest lateral errors are happening with higher steering angle turns. 
 
Figure 41 shows the results of double lane change maneuver tests with driving velocity 
of 5 m/s. Pure Pursuit and Modified Pure Pursuit follow the leader bus quite well. 
Spline Pursuit and Circular Pursuit do not follow well and they start to oscillate. Fur-





Figure 41. Double lane change maneuver tests with driving velocity of 5 m/s. 
 
Figure 42 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the start of the maneuver. They visit the next lane slightly before turning to the direction 
of the leader bus. When measured from the middle of the front axle Pure Pursuit makes 





Figure 42. Close-up of double lane change maneuver tests with driving velocity of 5 m/s, start of the 
maneuver. 
 
Figure 43 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
after the start of the maneuver. When measured from the middle of the front axle Pure 






Figure 43. Close-up of double lane change maneuver tests with driving velocity of 5 m/s, after start 
of the maneuver. 
 
Figure 44 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the middle of the maneuver. When measured from the middle of the front axle Pure Pur-





Figure 44. Close-up of double lane change maneuver tests with driving velocity of 5 m/s, middle of 
the maneuver. 
 
Figure 45 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
after the middle of the maneuver. When measured from the middle of the front axle Pure 






Figure 45. Close-up of double lane change maneuver tests with driving velocity of 5 m/s, returning 
to the original lane. 
 
Figure 46 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the end of the maneuver. When measured from the middle of the front axle Pure Pursuit 





Figure 46. Close-up of double lane change maneuver tests with driving velocity of 5 m/s, end of the 
maneuver. 
 
Figure 47 shows the results of double lane change maneuver tests with driving velocity 
of 10 m/s. Pure Pursuit and Modified Pure Pursuit follow the leader bus quite well. 
Spline Pursuit and Circular Pursuit do not follow well and they start to oscillate. Fur-





Figure 47. Double lane change maneuver tests with driving velocity of 10 m/s. 
 
Figure 48 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the start of the maneuver. They visit the next lane slightly before turning to the direction 
of the leader bus. When measured from the middle of the front axle Pure Pursuit makes 





Figure 48. Close-up of double lane change maneuver tests with driving velocity of 10 m/s, start of 
the maneuver. 
 
Figure 49 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
after the start of the maneuver. When measured from the middle of the front axle Pure 






Figure 49. Close-up of double lane change maneuver tests with driving velocity of 10 m/s, after start 
of the maneuver. 
 
Figure 50 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the middle of the maneuver. When measured from the middle of the front axle Pure Pur-





Figure 50. Close-up of double lane change maneuver tests with driving velocity of 10 m/s, middle of 
the maneuver. 
 
Figure 51 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
after the middle of the maneuver. When measured from the middle of the front axle Pure 






Figure 51. Close-up of double lane change maneuver tests with driving velocity of 10 m/s, returning 
to the original lane. 
 
Figure 52 shows lateral errors performed by Pure Pursuit and Modified Pure Pursuit at 
the end of the maneuver. When measured from the middle of the front axle Pure Pursuit 





Figure 52. Close-up of double lane change maneuver tests with driving velocity of 10 m/s, end of the 
maneuver. 
 
Spline Pursuit and Circular Pursuit fail to follow movements of the leader bus precisely. 
Pure Pursuit and Modified Pure Pursuit follow movements of the leader bus quite well. 
However, they both make similar errors during the maneuver. If measured by the maxi-
mum lateral error performed, Pure Pursuit performs the best of the studied methods in 
double lane change maneuver. Both Pure Pursuit and Modified Pure Pursuit perform bet-







Longitudinal and lateral control of a vehicle have been studied extensively in the litera-
ture. Longitudinal control has also been implemented in commercial applications. Cruise 
Control and Adaptive Cruise Control are applications of that. However, commercial ap-
plications of ACC use very long inter-vehicular distances, which are not suitable for pla-
toons. 
 
Most lateral control research has concentrated on vehicle path following problem: how to 
control a vehicle to force it to follow a predefined path precisely. This control method 
must include a path generation procedure for it to be suitable for control of a platoon. This 
two-part hierarchy increases its computational complexity. Some lateral control research 
has concentrated on a direct vehicle following methods. They are computationally easy 
but are not as precise as path following methods. This is probably due to the fact that they 
are not designed to follow a given path. 
 
A simulation model consisting of two identical buses was built to test proposed lateral 
and longitudinal controllers. One longitudinal controller and four lateral control laws 
were designed. More effort was put into lateral control because longitudinal control is 
already very thoroughly investigated. However, longitudinal control in extreme turning 
maneuvers was studied more precisely because buses must be able to perform routinely 
extreme maneuvers when compared to their physical size. Lateral control laws proposed 
for direct vehicle following were Pure Pursuit, Spline Pursuit, Circular Pursuit and Mod-
ified Pure Pursuit. They were all geometrical methods by nature and were based on direct 
vehicle following. 
 
The performance of the longitudinal controller was studied in two stages: set-up with 
initial distance and acceleration and deceleration tests. Longitudinal controller performed 
well with initial distance ranging from 2 to 10 m. It also did well in acceleration and 
deceleration tests when both buses were loaded with same payloads. However, it failed 
when the follower was loaded much more with additional mass than the leader. 
 
The performance of proposed lateral controllers was studied in two stages: first their 
steady-state behavior and second their transient behavior was tested. In steady-state tests, 
Pure Pursuit slightly out-performed Modified Pure Pursuit by corresponding maximum 
lateral errors of 0,8 m and 1,1 m measured from the middle of the front axle. Spline Pur-
suit showed very oscillatory behavior and sometimes failed to follow the leader bus. Cir-
cular Pursuit was able to follow the leader with small to medium steering angles with 
small driving velocities. Otherwise, it became oscillatory and even failed to follow the 
leader at tighter turns. 
 
Transient behavior tests included u-turn and double lane change maneuvers. In u-turn test, 
Modified Pure Pursuit slightly out-performed Pure Pursuit by corresponding maximum 
lateral errors of 0,7 m and 0,8 m measured from the middle of the front axle. In DLC tests 
Pure Pursuit slightly out-performed Modified Pure Pursuit by corresponding maximum 
lateral errors of 0,4 m and 0,5 m (5 m/s) and 0,3 m and 0,4 m (10 m/s) measured from the 
middle of the front axle. In all transient behavior tests, Circular Pursuit followed poorly 
the leader bus and became oscillatory. Spline Pursuit performed the worst by following 
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poorly, becoming oscillatory and showing inability to get into the same lane with the 
leader after the maneuver. 
 
Lateral errors produced by the Pure Pursuit and Modified Pure Pursuit do not meet the 
requirements originally placed in the study, which was under 0,1 m. Even though the 
requirement was tight, the lateral errors produced by the methods are not acceptable. 
Buses are large vehicles and are required to perform precise maneuvers when compared 
to their size. Especially u-turn must be usually performed very precisely. Lateral errors 
present in DLC tests were closer to being acceptable because such a maneuver does not 
require so precise movements. Therefore, Pure Pursuit and Modified Pure Pursuit could 
be used, if tuned, in controlling movements of a bus in lane changing operations but not 
for tight turns. The Spline Pursuit and Circular Pursuit methods seemed promising in 
theory, but they did not work in simulations as designed. 
 
If a more precise lateral control method is found, Pure Pursuit or Modified Pure Pursuit 
could be used as a back-up control method in a case of failure of the main control method. 
These methods are computationally light so, if an application provides little computa-
tional power and does not require precise movements, these methods could be used. 
 
The results of this study cannot be directly compared to other results in the literature 
because most of the existing research is conducted using an ordinary size car in simula-
tions. A car has usually two times smaller dimensions than a bus, which obviously affects 
results. Wirtanen studied the control of a bus platoon and achieved promising results with 
a path following lateral control method named Polynomial algorithm. However, his sim-
ulation model might have been more idealistic than the one used in this study. 
 
I should have included the comparison of an existing lateral control method into the study 
to be able to make a comparison. None of the studied lateral control methods have been 
implemented in the way they were in this study. Even though Pure Pursuit method has 
been studied may times in the literature, it has been implemented using path following 
approach, not direct following. These two approaches using Pure Pursuit cannot be com-
pared, because they are fundamentally different. The idea here was to study if Pure Pursuit 
method would work with direct vehicle following approach. 
 
Now, more insight has been gathered into the demands of tight turns on longitudinal con-
troller. Also, two promising lateral control methods have been proposed that need further 
investigation. 
 
5.2 Further research 
Minimum target distance was arbitrarily and experimentally defined in this study to meet 
the demands of tight turns. Defining just a constant value for it did not meet the geometric 
requirements of extreme maneuvers. One possible way to define longitudinal control 
would be to control look ahead distance instead of distance. Look ahead distance means 
here the distance from the reference point of the follower to the corresponding reference 
point of the leader. It could be for instance the distance from the center of the follower’s 
rear axle to the center of the leader’s rear axle as defined in Pure Pursuit method. This 
change would decrease the complexity of the longitudinal controller and possibly affect 
the performance of the lateral controller. This is due to some of the lateral control laws 




To be able to compare proposed control laws with other lateral control methods existing 
in the literature, it is mandatory to make a comparative study. Proposed Pure Pursuit and 
Modified Pure Pursuit methods could be compared to path following based methods. 
Straight conclusions about the performance between the methods cannot be made because 
different studies use different simulation models and parameters that affect the study re-
sults. Also, most of the research about lateral control of a vehicle use an ordinary size car 
as a simulation test vehicle, which makes it impossible to compare the results of this study 
to others. 
 
Simulations were performed on a self-made platform that does not describe the reality 
thoroughly. It would be beneficial to conduct further simulations on a more sophisticated 
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